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Phosphorene is a recently discovered member of the two-dimensional (2D) monolayer materials, which
has been reported to exhibit unique characteristics on mechanical and thermal properties. This study is
the first time to show the exceptional thermal conductance between phosphorene and crystalline silicon
substrate through classical molecular dynamics (MD) simulations. MD simulations revealed that under
conventional conditions, the interfacial thermal resistance (R) between phosphorene and silicon is very
low and independent on the thickness (h) of silicon substrate when h is larger than 3.12 nm. It was also
found that R decreases remarkably with the increases in system temperature (Tie) and contact strength
(v). To further explicitly display the superiority of phosphorene on interfacial heat transfer, R of other
two popular 2D monolayer materials, i.e., graphene and silicene, were calculated for comparison. The
comparisons revealed that R of phosphorene shows two distinct advantages over graphene and silicene.
On one hand, within the studied ranges of Tie and v, R between phosphorene and silicon substrate is
about quarter of that between graphene and silicon substrate, which proves that phosphorene is really
a high-performance 2D monolayer material for interfacial heat transfer. On the other hand, with the
increases in Tie and v, R between phosphorene and silicon substrate decreases more sharply than that
between silicene and silicon substrate, indicating that phosphorene is more sensitive to environmental
variations.
Ó 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
The novel structure that monolayer atoms are aligned with honeycomb lattice has brought two-dimensional (2D) materials such
as graphene and silicene many distinguished thermo-physical
properties compared to traditional materials. One of the remarkable properties these 2D monolayer materials possess is their
rather low interfacial thermal resistance for heat dissipation into
adjacent substrates, which makes them as appealing candidates
for the design of next-generation nano-devices [1–5]. Phosphorene, a newly synthesized 2D monolayer material, has attracted
great interest in recent years due to its novel structural and electronic properties, e.g., layer-dependent direct bandgaps and high
electron/hole mobility [6–8]. It has been reported that
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phosphorene-based field-effect transistors exhibit very high carrier
mobility and extraordinary on/off ratios [9–11], which show its
great potential to be applied to high-performance nanoelectronic devices. However, whether phosphorene is also outstanding on interfacial heat transfer still remains unclear.
Because of the extremely small spatiotemporal scales, existing
experimental approaches still face inherent challenges in accurate
measurement of thermal properties for 2D monolayer materials,
including interfacial thermal resistance. In recent years, with the
dramatic increases in computational power, classical molecular
dynamics (MD) simulation which directly resolves thermal properties at atomistic scale, has been widely used in the investigation of
2D monolayer materials. Thermal conductivity, thermal rectification as well as interfacial thermal resistance of 2D monolayer
materials, have been extensively studied by MD simulations [12–
17]. These MD simulations, to a large extent, complement experimental approaches to quantitatively clarify the novel thermal
properties of 2D monolayer materials, especially those of graphene
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Nomenclature
E
fc
fR
fA
rij
bij
V2
V3
A, K

v
TP
TSi
Tie

three body system energy
cutoff function
repulsive pair potential
attractive pair potential
interatomic distance between atoms i and j
monotonically decreasing function of the coordination
of atoms i and j
two-body bond stretching energy
three-body angle bending interactions energy
energy parameter
coupling strength
temperature of phosphorene
temperature of silicon top layers
initial equilibrium temperature

and silicene. These MD studies have contributed significantly to
our knowledge on the thermal behaviors of 2D materials, ranging
from fundamental to application levels.
So far, to the best of our knowledge, MD simulations of interfacial thermal resistance for 2D monolayer materials have not been
applied to phosphorene. This is majorly because compared with
other 2D monolayer materials, until recently the key parameters
to quantitatively determine interactions among atoms within
phosphorene, such as cut-off distances and bonding angles, have
not been available. The lack of such key parameters has largely hindered the utilization of the powerful MD technology to study the
interfacial thermal resistance of phosphorene. Very recently, using
the valence force field model [18], Wu accurately determined those
parameters required by the Stillinger–Weber (SW) potential [19].
Those first-principle calculated parameters have been proved to
be accurate when applied to model the mechanical properties
[20,21] and thermal conductivity of phosphorene [22,23] and
phosphorus nanotubes [24]. Therefore, the way to successful MD
simulation of the interfacial thermal resistance for phosphorene
has been paved by those precise first-principle calculated
parameters.
In most nano-devices, silicon is used as substrate to support 2D
monolayer materials for heat dissipation. Therefore, it is highly
desirable to characterize the interfacial heat transfer between
phosphorene and silicon. This study explored the interfacial thermal resistance between phosphorene and crystalline silicon substrate by MD simulations with the SW potential using the
foregoing mentioned precise first-principle calculated parameters.
A transient pump–probe technique mimicking the experimental
thermo-reflectance method was applied to evaluate the interfacial
thermal resistance. To comprehensively demonstrate the characteristics of the interfacial thermal resistance between phosphorene
and silicon substrate, cases with graphene and silicene contacting
silicon substrate were also included for comparison. In the following, the physical models and computational setup are first
described. Then, the characteristics of interfacial thermal resistance between phosphorene and silicon substrate are presented.
The effects of substrate thickness, system temperature and coupling strength on the interfacial thermal resistance are explored.
Finally, the superiority of phosphorene on interfacial thermal resistance compared to graphene and silicene is discussed.
2. Numerical models
In a typical MD simulation, the most important aspect is to have
an appropriate inter-atom potential. It should be not only physi-

R
Et
E0
q_in
t
h

interfacial thermal resistance
phosphorene system energy at time t
phosphorene initial system energy before heating
thermal impulse energy
time step
substrate thickness
x
phonon frequency
G(x)
phonon power spectrum
A(x)
overlap area
d
phonon power spectra overall factor
B, q1, q2, h, h0 geometry parameters
rmax, rmax12, rmax13 cutoff distances
eP-Si, eC-Si, eSi-Si potential well depth
rP-Si, rC-Si, rSi-Si potential zero point distance

cally accurate but also computationally economic. In this study,
the classical Tersoff potential was chosen to model the interactions
among silicon atoms [25] as

E¼



1 XX
f ðr ij Þ f R ðr ij Þ þ bij f A ðr ij Þ ;
2 i j–i c

ð1Þ

where E is the three-body system energy, and fC(rij) is the cutoff
function to limit the range of the potential since the short-range
interaction can save great computational effort. The function fR(rij)
represents the repulsive pair potential, which includes the orthogonalization energy when atomic wave functions overlap, and fA(rij) is
an attractive pair potential associated with bonding. The bij term is a
monotonically decreasing function of the coordination of atoms i
and j. Detailed information on classical Tersoff potential can be
found in Ref. [25]. It has been proved by many prior MD studies that
the micro-scale behaviors for silicon can be successfully reproduced
by the classical Tersoff potential [26–28]. As mentioned above, the
interactions among phosphorene atoms were modeled by the SW
potential as follows

V 2 ¼ Ae½rrmax 
q

h
V 3 ¼ Ke




B
1 ;
4
r

q1
q2
r 12 rmax12 þr 13 rmax13

ð2Þ
i
ðcos h  cos h0 Þ2 ;

ð3Þ

where V2 and V3 represent the two-body bond stretching and threebody angle bending interactions respectively. A and K the energy
parameters and B, q1, q2, h and h0 are the geometry parameters.
These parameters were calculated by the first-principle valence
force field model [18]. The cutoff distances rmax, rmax12 and rmax13
are determined by the lattice structures. Following our previous
simulations [29], the coupling between silicon and phosphorene
was modeled by the classical 12-6 Lennard–Jones potential as

VðrÞ ¼ 4vePSi



rPSi 12
r



r

PSi

r

6

;

ð4Þ

where r is the distance between silicon and phosphorene atoms.
eP-Si, rP-Si, and v are the depth of the potential well (eV), zero potential distance (Å), and coupling strength, respectively. It is worth noting that another popular approach to manipulate the coupling
strength is to insert an interlayer at the interfaces [30–32]. In this
study, the values of eP-Si and rP-Si were determined by the universal
force field model [33], resulting in eP-Si = 15.205 meV and rP-Si =
3.760 Å. All the MD simulations in this study were performed on
the LAMMPS Molecular Dynamics Simulator [34].
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3. Computational setup
The simulation system is schematically shown in Fig. 1, where
the red and green solid dots represent phosphorene and silicon
atoms, respectively. Dimensions of the simulation domain are
10.87  10.77  3.76 nm3 in x  y  z directions. Periodic boundary conditions were applied to the in-plane (x and y) directions
to eliminate the size effect. Parametric studies showed that the calculated R is insensitive to the further increases in domain sizes in
x  y directions. The free boundary condition was used in the outof-plane (z) direction to avoid atom interactions through the upper
and bottom boundaries. The phosphorene layer was initially placed
4.22 Å above the silicon substrate, and was allowed to freely conform to the substrate surface. It has been proved that such initial
distance has a negligible effect on the equilibrium structures as
long as it is within the cutoff radius of the empirical potentials
[35]. The thickness of the silicon substrate (h) was varied from
3.12 nm to 5.97 nm and its effects on R will be discussed later.
Time step was chosen to be 0.5 fs for all simulations.
A transient heating technique which has been used extensively
for thermal characterization of micro- and nano-films [36–38] was
employed in this study. This technique was conducted as follows.
After the initial thermal equilibrium calculations when the system
reaches its initial equilibrium temperature (Tie), the supported 2D
membrane is exposed to an ultrafast thermal impulse, which will
cause a temperature rise in the monolayer system. Since the membrane is supported on the substrate in an enclosed space, the only
heat pathway for the thermal energy dissipation is from the 2D
layer to the substrate. Therefore, in the subsequent thermal relaxation process, the surface temperature of phosphorene will
decrease due to the heat conduction to the substrate. The schematic diagram of the transient heating technique is shown in
Fig. 2. Since periodic boundary conditions are applied to the lateral
(x and y) directions, the phosphorene structure is repetitively
expanded across the space. Therefore, the supported phosphorene

Tp
TSi
h

z
y

phosphorene

silicon

Fig. 1. Schematic diagram of the phosphorene and silicon hybrid system. Phosphorene energy (Et), phosphorene temperature (Tp), and temperature of top three
silicon layers (TSi) were recorded each time step in the thermal relaxation process.

Time
Tp
Thermal
Equilibrium

TSi
pump

Tp

Thermal
Equilibrium

TSi
probe

Fig. 2. Schematic diagram of the transient heating technique.

should be considered as an 2D sheet, instead of 2D ribbon. Under
such scenario, the imposed heat is applied to an infinite large phosphorene region. To further prove this statement, velocities of the
phosphorene system at thermal equilibrium state are extracted
and compared to the theoretical Maxwellian distribution. As
shown in Fig. 3, a sound match is found between the MD velocities
and theoretical predictions. Through its applications to the interfacial thermal transports in graphene/boron-nitride [35], graphene/
silicon [29] and graphene/copper [39] systems, this transient
heating technique has been demonstrated to be more effective
than the traditional non-equilibrium approach which can introduce the undesired phonon scattering due to the localized heating
and cooling.
4. Results and discussion
4.1. Characteristics of the phosphorene/silicon interfacial thermal
resistance

Thermal impulse with period of 50 fs

x

Fig. 3. Comparison of MD velocity with theoretical Maxwellian distribution.

Due to the temperature difference between phosphorene and
silicon, both the energy and temperature of phosphorene should
decrease and finally reach their steady state, as confirmed by the
example shown in Fig. 4. In this case, the phosphorene/silicon system with Tie = 250 K, h = 3.12 nm and v = 1.0, was suddenly given a
thermal impulse of q_in = 4.68  104 W to the phosphorene layer
using the above-mentioned transient heating technique. At the
end of such excitation, the temperatures of the adjacent layers
for phosphorene and silicon were 387 K and 253 K. Then this temperature difference drove the heat transfer across the phosphorene/silicon interface. The temporal evolutions of energy of
phosphorene (Et), and the spatially averaged temperatures of the
phosphorene (TP) and the top three layers of silicon atoms (TSi)
were monitored for another 100 ps. As can be seen in Fig. 4,
because of the interfacial heat transfer, Et and TP decreased, while
TSi increased, all finally reached their statistically steady states.
R can be calculated through the obtained Et, TP and TSi as

@Et A  ðT P  T Si Þ
;
¼
R
@t

ð5Þ

where A is the interfacial area and t is the time instant after the
end of excitation. The energy decay fitting in Fig. 4 is performed
based on Eq. (5) and takes the integral form of
Rt
Et ¼ E0 þ ðA=RÞ  0 ðT P  T Si Þdt. Here R is treated as a constant, and
such assumption will be discussed and validated later. E0 is phosR
phorene’s initial energy. The change of Et against ðT P  T Si Þdt is
plotted in Fig. 5(a). It can be seen that Et almost decreases linearly
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Fig. 4. Temporal evolutions of Et, TP, and TSi after the heat impulse. Tie, v, and h were
set to be 250 K, 1.0, and 3.12 nm, respectively. Blue solid line represents the fitting
results based on the energy decay model. The red and blue arrows denote that the
circled profiles represent temperature (left y axis) and energy (right y axis) values
respectively. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

R
with ðT P  T Si Þdt, from which R can be determined by the slope. To
investigate the temporal variation of R with t, the Et curve was
divided into segments as shown in Fig. 5(a). For each segment, R
was obtained using the averaged slope. Variation of the calculated
R with respect to t is shown in Fig. 5(b). It can be observed that at
the later stage of interfacial heat transfer, R nearly remains constant. Therefore, in the following, R will be viewed as constant during the entire transient process. In this case, the obtained value of R
is 1.63  108 Km2/W.
Under ultrafast heating/cooling processes, the system’s initial
temperature evolutions will be different from the traditional heat
dissipation phenomenon, which is normally referred to as the
non-Fourier effects. The dynamic temperature responses under
ultra-high-speed heating have shown some behaviors that could
not be predicted by the thermal-diffusion theory and many models
have been developed to interpret these experiments [40]. The transient pump–probe technique adopted in this work induces a nonFourier effect which lasts for less than 1 ps, whereas the elapsed
time for thermal resistance characterization is 100 ps. The small
deviations at the initial stage will not change the overall fitting

Fig. 5. (a) Energy relaxation profile of phosphorene can be correlated to ðT P  T Si Þdt
by integrating the temperature differences between phosphorene and silicon. (b)
Segment interfacial thermal resistance values calculated from (a) are around the
overall fitting results.

results. Therefore, the non-Fourier effects are not considered in
the calculations.
The h used in a typical MD simulation is usually much smaller
than those in experiments. Therefore, it is highly necessary to clarify the dependence of R on h. The variation of R with respect to h is
shown in Fig. 6(a). For each value of h, five independent runs were
performed to eliminate statistical errors. It can be observed that R
is nearly irrelevant to the change of h. Thus, it can be concluded
that the chosen h (3.12 nm) in the following is sufficient to quantitatively reproduce the interfacial thermal resistance between
phosphorene and silicon. To further elaborate our understanding
of the mechanisms on heat transfer within the silicon substrate,
the temperature contours for the case with h = 3.12 nm are shown
in Fig. 6(b). It can be seen that the temperature distribution along
the thickness direction within the silicon substrate is nearly uniform during the last 50 ps. It is postulated that the independence
of R on h is due to the weak thermal couplings at the phosphorene/silicon interface and the relatively high thermal conductivity
of silicon. Therefore, in the following, h is chosen to be 3.12 nm for
all simulations to reduce the computational cost.
The variation of R for phosphorene with respect to Tie is shown
in Fig. 7(a). It can be clearly seen that with the increases in Tie, R
decreases significantly. This indicates that at higher system temperature, the heat transfer across the phosphorene/silicon interface
becomes elevated. The dependence of R on Tie can be majorly
explained by the phonon density of state (PDOS) of phosphorene
at different temperatures. Generally, PDOS can be calculated by

Fig. 6. (a) Effects of silicon thickness (h) on the interfacial thermal resistance. A
maximum of 4.6% variation is calculated when the silicon thickness increases from
3.12 nm to 5.97 nm. The smallest value 3.12 nm is used in this work to reduce the
computational cost. (b) Spatiotemporal evolutions of system temperature after the
ultrafast heat impulse.
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taking the Fourier transform of the velocity autocorrelation function as

1
GðxÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ
2p

Z

1

1

ZðtÞeixt dt;

ð6Þ

where ZðtÞ ¼< v ð0Þ  v ðtÞ > = < v ð0Þ  v ð0Þ >. For a given x, higher
PDOS means more states are occupied by for a phonon, whereas
zero PDOS means no phonon exists in the system. One of the crucial
factors in determining the interfacial thermal resistance is the overlap of phonon states. If the phonon population for a certain x is very
low, the energy propagation by phonons of that wave vector will be
highly restricted. Therefore, the variation of overlap area between
the PDOS with respect to temperature needs to be explored. To
quantify this variation, an arbitrary unit variable, defined as

Z
d¼

xAðxÞdx;

ð7Þ

is introduced to help assist the analyses [41]. A(x) represents the
intersection area of PDOS at x. The area integration is proportional
to the amount of energy transported across the interface by phonons at these frequency intervals. To facilitate comparison of the
differences between the calculated results, the integration area for
each PDOS is normalized to unity. The calculated d between phosphorene and silicon was found to increase from 0.56 to 0.83 as temperature increases from 150 K to 400 K. Increased d values means
higher phonon coupling rates at the interface, contributing to the
lower interfacial thermal resistance. The calculated d results at
other temperatures are shown in Fig. 7(b), which demonstrate a
monotonic increasing trend with temperature and further explain
the decreasing of R in Fig. 7(a). Since the phonon frequency does
not depend on the amplitude of the oscillations, the phonon density
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of states of harmonic systems should be temperature-independent.
However, when the temperature increases to 400 K, it is observed
that both the PDOS of phosphorene and Si become broader, which
indicates that the umklapp scattering mechanism is dominant
within this temperature range and the phonon anharmonicity is
significant. The umklapp processes reduce the phonon mean free
paths (MFP) on both sides of the interface and alter the PDOS distribution with more activated higher frequency phonons. Contributions from the high frequency phonons to thermal transport
reduce the thermal contact resistance. Moreover, the three phonon
scatterings become more furious at high temperatures, which will
decompose the high frequency phonons into lower frequency
branches and couple with the other phonons in the hybrid system,
and as a result, the PDOS overlap value increases while the predicted R decreases.
In practical applications, the interfacial heat transfer can take
place under various contact pressures.[42–44] Therefore, the variation of R for phosphorene with respect to v was investigated and
the results are shown in Fig. 8. In these simulations, Tie was fixed at
250 K. It can be seen that a quite similar trend to that of Tie is found
for the variation of v. Such behavior may be explained as follows.
Compared with van der Waals bonding, the covalent bonding
among thermal interface materials can greatly reduce the thermal
contact resistance, which indicates the stronger interatomic interactions are more effective for phonon transport across the interfaces. The stronger coupling strength can enhance the phonon
couplings at the interface, which directly contributes to the interfacial thermal transport and reduces R. It is worth noting that at
liquid–solid interfaces, the variations of Kapitza length and coupling strength can be fitted with exponential functions, whereas
it cannot be directly applied to the solid–solid interface studies
in this work [45–48].
4.2. Comparative studies with graphene and silicene
To gain a clearer picture about the interfacial thermal resistance
for phosphorene, comparative MD simulations on the interfacial
heat transfer across graphene/silicon and silicene/silicon were conducted. Dimensions and boundary conditions of the graphene and
silicene systems are the same as those of phosphorene. The second
generation of the Brenner potential [49], reactive empirical bondorder (REBO), based on the Tersoff potential [25] for the interac-

Fig. 7. (a) Temperature dependence of interfacial thermal resistance between
phosphorene and silicon. Insets depict the phonon power spectra at temperatures
150 K and 400 K. The grey and red shaded areas represent phosphorene and silicon
respectively. Each power spectrum profile is normalized to an integration area of
unity. (b) PDOS overlap with system’s equilibrium temperature. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 8. Dependence of interfacial thermal resistance between phosphorene and
silicon on coupling strength. Insets depict the phonon power spectra when v equals
0.5 and 2.0. The grey and red shaded areas represent phosphorene and silicon
respectively. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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tions between C–C bonds was employed to model the graphene
system. The REBO potential was chosen because its functions and
parameters have been proved to give reasonable predictions for
the thermal properties of graphene [50]. The modified Tersoff
potential by Kumagai et al. [51] was used to describe the silicene
system, which was also used in our previous studies [52]. The
interactions of graphene and silicene with silicon substrates were
still modeled by the 12-6 Lennard–Jones potential. The energy
and distance parameters between graphene and silicon were set
as eC-Si = 8.909 meV and rC-Si = 3.326 Å [29], while for silicene and
silicon they were set as eSi-Si = 17.440 meV and rSi-Si = 3.826 Å [52].
The variations of R for phosphorene, graphene and silicene with
respect to Tie are shown in Fig. 9. It can be clearly observed that, on
one hand, R for phosphorene is about 1/4 of that for graphene. This
means that under the same Tie, phosphorene is better than graphene for interfacial heat transfer, although graphene already
shows amazingly low interfacial thermal resistance. On the other
hand, with the increases in Tie, R for phosphorene decreases more
remarkably than that for silicene, indicating that phosphorene is
more sensitive to the change of environmental temperature. Likewise, within the studied range of v, phosphorene owns much
lower R than graphene and higher sensitivity than silicene, as
shown in Fig. 10.
The reasons why phosphorene possesses much lower R than
graphene at the same environmental conditions may be explained
as follows. The out-of-plane phonons (ZA mode) in graphene are
the main energy carriers during thermal transport [53]. According
to previous studies on the interfacial thermal transport across
graphene and adjacent material, the phonon frequencies of ZA
phonons are within the low frequencies of 0–30 THz, while the
in-plane transverse and longitudinal phonons occupy much higher
frequencies of 40–50 THz [35]. Therefore, the overall PDOS of graphene spreads widely from 0 to 50 THz. While for the phosphorene
system, it has been proved that its PDOS has the same peak
frequencies in all three directions within the frequencies of
0–15 THz [23]. Thus, phosphorene has a larger PDOS overlap with
the bulk silicon system whose PDOS frequencies are mainly within
0–18 THz [54]. Larger overlap of PDOS indicates that more phonons in phosphorene system are involved in the interfacial thermal
transport process than that of graphene, which results in a lower
thermal contact resistance.
From our points of view, the higher sensitivity of R for phosphorene than silicene to environmental conditions originates from its
peculiar hinge-like structure in the out-of-plane (z) direction. It
is well-known that silicene has a slightly buckled structure of

Fig. 10. Comparisons of R with respect to v. The thermal contact resistance
decreases monotonically with increasing coupling strength. The maximum decrease
of R is calculated at 82.8%, 65.9% and 67.5% for phosphorene/silicon, graphene/
silicon and silicene/silicon respectively.

0.42 Å in the z direction [55]. While for phosphorene, the buckling distance has a much larger value of 2.13 Å, which is more
than 5 times larger than that of silicene. Therefore, when Tie or v
increases, the lattice structures of phosphorene will be the more
affected than those of silicene, which enhances the anharmonic
phonon scatterings in the system and contribute to the change of R.
In summary, the above two extraordinary thermal characteristics, i.e., low interfacial thermal resistance and high environmental
sensitivity, demonstrate that phosphorene is an attractive candidate for the high-performance thermal interface materials.
5. Conclusion
The interfacial heat transfer across phosphorene and crystalline
silicon was investigated using classical MD simulations. The
Stillinger–Weber potential with first-principle calculated reliable
parameters was employed to model the interactions among phosphorene atoms. It is found that when the system reaches steady
state, the interfacial thermal resistance between phosphorene
and silicon remains nearly constant and unaffected by the thickness of silicon substrate. The results also show that the interfacial
thermal resistance between phosphorene and silicon decreases
when the system temperature and coupling strength increase.
The other remarkable findings are that under typical environmental conditions, the interfacial thermal resistance for phosphorene is
only a quarter to that for graphene and more sensitive to the environmental variations than silicene. These two advantages indicate
that phosphorene is a very promising high-performance
externally-echoed 2D material for next-generation nano-devices.
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